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Work extraction from the Gibbs ensemble by a cyclic operation is impossible, as represented by
the second law of thermodynamics. On the other hand, the eigenstate thermalization hypothesis
(ETH) states that just a single energy eigenstate can describe a thermal equilibrium state. Here
we attempt to unify these two perspectives and investigate the second law at the level of individual
energy eigenstates, by examining the possibility of extracting work from a single energy eigenstate.
Specifically, we performed numerical exact diagonalization of a quench protocol of local Hamiltonians
and evaluated the number of work-extractable energy eigenstates. We found that it becomes exactly
zero in a finite system size, implying that a positive amount of work cannot be extracted from any
energy eigenstate, if one or both of the pre- and the post-quench Hamiltonians are non-integrable.
We argue that the mechanism behind this numerical observation is based on the ETH for a non-
local observable. Our result implies that quantum chaos, characterized by non-integrability, leads
to a stronger version of the second law than the conventional formulation based on the statistical
ensembles.
PACS numbers: 05.30.d,03.65.w,05.70.a,05.70.Ln
I. INTRODUCTION
How much work can we extract from an isolated many-
body quantum system? This question brings us to the
foundation of the second law of thermodynamics [1, 2].
In fact, a standard way of representing the second law
is that we cannot extract a positive amount of work by
any cyclic process, which is nothing but the impossibil-
ity of the perpetual motion of the second kind. Here,
cyclic means that the initial and final Hamiltonians are
the same. From the viewpoint of quantum statistical me-
chanics, a quantum state is called passive, if a positive
amount of work cannot be extracted from that state by
any cyclic process [3, 4]. For example, the Gibbs states
are passive, while pure states, except for the ground
states, are not passive.
In a slightly different context, thermalization in iso-
lated quantum systems has recently attracted renewed
interest [5–8]. Recent studies have revealed that a ther-
mal equilibrium state can be represented not only by a
statistical ensemble such as the Gibbs state, but also by
a single energy eigenstate; this is called the eigenstate
thermalization hypothesis (ETH) [9–13]. It has been es-
tablished that the non-integrability of the Hamiltonian
is crucial for the strong version of the ETH, which states
that every energy eigenstate is thermal [13–23]. On the
other hand, for integrable systems, the strong ETH fails
[13–15, 23–28], but only a weaker version of the ETH
holds, which states that most of energy eigenstates are
thermal [23, 25, 26, 29–31].
Motivated by these modern researches of thermaliza-
tion, the second law for quantum pure states has been
discussed recently [31–35]. However, the aforementioned
original question, i.e., the possibility of work extrac-
tion from an isolated many-body quantum system [36–
40], has not been fully addressed in light of the ETH
[41, 42]. Since a single energy eigenstate is not passive,
any amount of work can be extracted from it, if any
cyclic unitary operation is allowed [3, 4]. Therefore, a
natural question is whether work extraction is possible
or not by physical Hamiltonians with local interactions,
and whether that possibility depends on the integrability
of the Hamiltonian or not.
In this paper, we investigate work extraction from a
single energy eigenstate. By using numerical exact diag-
onalization, we found that for a quench protocol of lo-
cal Hamiltonians, one cannot extract a positive amount
of work from any energy eigenstate, if one or both of
the pre- and the post-quench Hamiltonians are non-
integrable. This is a strong version of the second law,
which can be referred to as the “eigenstate” second law
and is analogous to the strong ETH. In fact, we argue
that this version of the second law follows from the strong
ETH of a non-local many-body observable, which itself
is nontrivial. On the other hand, if both the pre- and the
post-quench Hamiltonians are integrable, this stronger
version of the second law fails. To complement our nu-
merical observations, we analytically derive a weaker ver-
sion of the eigenstate second law, stating that for any
unitary operation, one cannot extract a positive amount
of work from most of energy eigenstates. This argument
is true regardless of the integrability of the Hamiltonian,
and is analogous to the weak ETH.
Our results suggest that the second law of thermo-
dynamics is true even at the level of individual energy
eigenstates if the system is non-integrable (i.e., quantum
chaotic). Our work would serve as a foundation for quan-
tum many-body heat engines, which can be experimen-
tally realized by modern quantum technologies. In fact,
our setup would be relevant to a variety of experimental
systems, including ultracold atoms and superconducting
qubits [43–45].
This paper is organized as follows. In Sec. II, we show
2our main numerical results. In Sec. III, we discuss the re-
lationship between work extraction and the strong ETH
of a non-local observable. In Sec. IV, we analytically
show a weaker version of the eigenstate second law. In
Sec. V, we summarize our results. In Appendix, we pro-
vide supplemental numerical results.
II. MAIN RESULTS
In this section, we discuss our setup and the main nu-
merical results.
A. Formulation
We first formulate work extraction from a quantum
many-body system by a cyclic operation [3, 4]. We
drive the system by the time-dependent Hamiltonian
H(t) from t = 0 to t = τ . The corresponding time
evolution is represented by the unitary operator U =
T exp
(
−i
∫ τ
0
H(t)dt
)
, where T is the time-ordering op-
erator. We assume that the initial and the final Hamil-
tonians are the same: H(0) = H(τ) =: HI.
The average work extraction from the state ρ during
this protocol is
W := tr[HIρ]− tr[HIUρU
†]. (1)
We focus on work extraction from a single energy eigen-
state of HI. Since an energy eigenstate is not passive,
W can be positive for some unitary operations. Given
that, in the following, we focus on whether we can extract
positive work by quench protocols of local Hamiltonians,
and numerically investigate the fundamental difference
between integrable and non-integrable systems.
B. Model and protocols
As a simple model that we can control integrability, we
study the quantum Ising model with a transverse field
g, longitudinal field h, nearest-neighbor coupling J , and
next nearest-neighbor coupling J ′. The Hamiltonian is
given by
H =
N∑
i=1
(gσxi + hσ
z
i + Jσ
z
i σ
z
i+1 + J
′σzi σ
z
i+2), (2)
where σxi , σ
z
i are the local Pauli operators on the site i,
and N is the number of spins. We adopted the peri-
odic boundary condition. This model is integrable when
g = 0 or h = J ′ = 0. In non-integrable cases, the level
spacing statistics can be well fitted by the Wigner-Dyson
distribution (see the Appendix A for N = 18, J = 1, J ′ =
0, g =
√
5+5
8 , 2.5 × 10
−2 . h . 1.5). This model is also
known to satisfy the strong ETH in the non-integrable
parameter region [18, 22].
We next describe the quench protocol in our numeri-
cal simulation. Let HI be the initial Hamiltonian, and
suppose that the system is initially prepared in its eigen-
state |j〉 with energy Ej . We perform the following work
extraction protocol: (i) At initial time t = 0, the longi-
tudinal field and transverse field are suddenly quenched
(hI → hQ, gI → gQ). The post-quench Hamiltonian is
denoted by HQ. (ii) The system evolves from time 0 to
τ according to the new Hamiltonian HQ. (iii) At time
t = τ , we again quench the fields in the backward direc-
tion (hQ → hI, gQ → gI) and restore the Hamiltonian to
HI.
The average work extraction from eigenstate |j〉 during
this protocol is given by
Wj = Ej − 〈j|e
iHQτHIe
−iHQτ |j〉 . (3)
We then consider the following four cases of the integra-
bility: (a) HI is non-integrable and HQ is non-integrable;
(b) HI is integrable and HQ is non-integrable; (c) HI is
non-integrable and HQ is integrable; (d) HI is integrable
and HQ is integrable.
We note the definition of the inverse temperature of
an energy eigenstate. The inverse temperature βj associ-
ated with an energy eigenstate |j〉 is defined through the
equation Ej = uGibbs(βj), where uGibbs(βj) is the energy
density of the Gibbs state at inverse temperature βj . We
cannot extract positive work form the Gibbs state with
positive inverse temperature β > 0, but can do from that
with negative inverse temperature β < 0.
C. Distribution of extracted work
We show our numerical result on the distribution of the
extracted work over energy eigenstates. Figure 1 shows
Wj versus the eigenenergy Ej . Overall, the average work
tends to be negative (positive) in the positive (negative)
temperature region.
Specifically, in the case of (a), (b), and (c), where one
or both of Hamiltonians HI and HQ are non-integrable,
the distribution of the data points becomes narrower in
the horizontal direction from N = 12 to 18. We thus ex-
pect that these data points converge to a single smooth
curve in the thermodynamic limit N →∞. This is anal-
ogous to the strong ETH [13–23]. On the other hand,
in the case of (d), the distribution of the data points is
more spread out than the other cases and does not look
like convergent to a single curve. This is analogous to
the behavior of the ETH in integrable systems [13, 25].
We also note that in the case of (a), (b), and (c), eigen-
states with Wj > 0 do not exist in the positive temper-
ature region for N = 18, whereas in the integrable case
(d), there are work extractable eigenstates also in the
positive temperature region.
To confirm the validity of the above argument more
quantitatively, we systematically investigate the number
of work-extractable energy eigenstates in the next sub-
section.
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FIG. 1. The average work Wj/N versus the eigenenergy
Ej/(JN) in the full spectrum for N = 12 (upper panels) and
N = 18 (lower panels). The waiting time after the quench
is Jτ = 104 in all the cases. The vertical dashed line in-
dicates the energy at βj = 0, and the horizontal one indi-
cates Wj/(JN) = 0. βj > 0 in the left side of the vertical
line, while βj < 0 in the right side. Quench from (a) non-
integrable to non-integrable (J = J ′ = 1, gI = gQ = (
√
5 +
5)/8, hI = 0 → hQ = 1.0), (b) integrable to non-integrable
(J = 1, J ′ = 0, gI = gQ = (
√
5 + 5)/8, hI = 0 → hQ = 1.0),
(c) non-integrable to integrable (J = 1, J ′ = 0, gI = gQ =
(
√
5 + 5)/8, hI = 1.0 → hQ = 0), and (d) integrable to inte-
grable (J = 1, J ′ = 0, h = 0, gI = 0.5 → gQ = 1.5).
D. Dependence on size and integrability
We next quantitatively study the system-size depen-
dence of the number of energy eigenstates from which
one can extract positive work. We focus on eigenstates
at positive finite temperature (βj > 0). In addition, we
set a threshold for the inverse temperature, denoted as
βs > 0, because the finite-size effect is significant in small
βj . The set of energy eigenstates with βj ≥ βs is denoted
by Mβs := {j : βj ≥ βs}. We denote the number of en-
ergy eigenstates in Mβs by Dβs . Let D
U
out be the number
of eigenstates in Mβs from which one can extract work
greater than Nδ (i.e., DUout := #{j ∈Mβs :Wj > Nδ} ).
We numerically investigate the system-size dependence
of the ratio DUout/Dβs .
Figure 2 shows the system-size dependence of
DUout/Dβs for several quench protocols. In the case of
(a), (b), and (c), where one or both of Hamiltonians HI
and HQ are non-integrable, D
U
out/Dβs decays at least ex-
ponentially with N . On the other hand, DUout/Dβs does
not seem to be decreasing in the case of (d), where both
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FIG. 2. The system-size dependence of the ratio DUout/Dβs .
The lack of a data point means that DUout is exactly zero there.
The waiting time after the quench is Jτ = 104 in all the cases.
We set the thresholds as Jβs = 0.02 and δ/J = 0.001. Quench
from (a) non-integrable to non-integrable (J = J ′ = 1, gI =
gQ = (
√
5 + 5)/8, hI = 0 → hQ = 0.5, 1.0, and 1.5), (b)
integrable to non-integrable (J = 1, J ′ = 0, gI = gQ = (
√
5 +
5)/8, hI = 0 → hQ = 0.5, 1.0, and 1.5) , (c) non-integrable to
integrable (J = 1, J ′ = 0, gI = gQ = (
√
5 + 5)/8, hI = 0.5, 1.0,
and 1.5 → hQ = 0), and (d) integrable to integrable (J =
1, J ′ = 0, h = 0, gI = 0.5 → gQ = 1.0, 1.5, and 2.0).
HI and HQ are integrable. Especially, in the case of (a)
and (b), DUout/Dβs becomes exactly zero even at finite
N , at which eigenstates with Wj > 0 completely van-
ish. This is regarded as a stronger version of the second
law at the level of individual energy eigenstates, which is
analogous to the strong ETH.
Apparently, DUout/Dβs does not seem to be decreas-
ing in the case of (d), where both HI and HQ are in-
tegrable. However, as will be shown in inequality (8),
which is applicable to this case, DUout/Dβs must decrease
at least exponentially. This is because the parameters
in inequality (8) in our numerical setup are very small
(βs = 0.02/J and δ = 0.001J), and therefore the decay
rate is too small to be observed in our numerical result.
We note that in the case of (d), DUout/Dβs itself increases
exponentially with N , because Dβs itself increases expo-
nentially. Therefore, DUout does not become exactly zero
at finite N , which is analogous to the weak ETH in inte-
grable systems [23, 25, 29, 30].
Table I summarizes whether the stronger version of the
second law (i.e., DUout = 0 at finite N) holds or not in our
numerical calculations. In the case of (c), whether this
property holds is not very clear from Fig. 2 (c), due to the
limitation of our numerical resource. However, we argue
that DUout/Dβs = 0 holds at finite N in this case too,
4TABLE I. The attainability of DUout/Dβs = 0 at finite N for
the four cases of the integrability. In the case of (c), Fig. 2
does not show DUout/Dβs = 0, while it is expected to be true
from the ETH argument and the numerical result in Fig. 3 (c).
Pre-quench Hamiltonian HI
Non-integrable Integrable
Post-quench Non-integrable (a) True (b) True
Hamiltonian HQ Integrable (c) True (d) False
from the following discussion and the numerical result in
Fig. 3 (c).
III. EIGENSTATE SECOND LAW FROM THE
STRONG ETH
We discuss the physical mechanism of DUout/Dβs = 0
on the basis of the strong ETH.
A. Eigenstate second law from the strong ETH
We assume that Hamiltonian HI satisfies the strong
ETH for observable HI(τ) := e
iHQτHIe
−iHQτ , i.e.,
〈j|HI(τ)|j〉 ≃ 〈HI(τ)〉
MC
Ej
. (4)
Here, 〈· · ·〉
MC
Ej
represents the microcanonical average with
respect to HI around the energy Ej .
Under this assumption, the average work extracted
from |j〉 is given by
Wj ≃ Ej − 〈HI(τ)〉
MC
Ej
. (5)
Meanwhile, the average work from the Gibbs state of HI
at the mean energy Ej is given by
WGibbs := Ej − 〈HI(τ)〉
Gibbs
Ej
≃ Ej − 〈HI(τ)〉
MC
Ej
, (6)
where we used the strong ETH and the concentration of
the energy in the Gibbs state [47]. We thus obtain Wj ≃
WGibbs, and the passivity of the Gibbs state [3, 4] (i.e.,
WGibbs ≤ 0) immediately leads to Wj . 0. Therefore,
we conclude that Wj . 0 for all j in the case of (a), (b),
and (c), where the strong ETH holds.
B. Strong ETH for a non-local observable
We numerically confirm the strong ETH (4). We re-
mark that in general HI(τ) is a non-local observable,
which involves products of O(L) local operators. The
strong ETH for such a non-local many-body observable
has not been fully investigated so far.
We calculate the ETH indicator rj :=
| 〈j + 1|HI(τ)|j + 1〉 − 〈j|HI(τ)|j〉 |/N , which was
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FIG. 3. Numerical validation of the ETH of the non-local
observable HI(τ ) with respect to the Hamiltonian HI. The
system-size dependences of the average, the largest, the fifth
largest, and the tenth largest values of rj are shown for the
four cases of the integrability. The parameters of Hamiltoni-
ans are the same as those used in Fig. 1. The weak ETH is
true for all the cases, while the strong ETH is true only for
(a), (b), and (c).
introduced in Ref. [18]. Here, |j〉 is the jth energy
eigenstate in the increasing order of Ej in the Hilbert
space without dividing it into momentum sectors. If the
strong ETH holds, all of rj decay exponentially with
N . In fact, if there is an athermal eigenstate |j〉, the
corresponding rj does not decay. However, even in such
a case, the average of rj decays if the weak ETH holds.
Since we are interested in eigenstates at positive tem-
perature, we remove eigenstates with Ej/N > uGibbs(β =
0). We also remove eigenstates at the edge of the spec-
trum, because the density of states is too small there.
Therefore, we calculated rj for eigenstates satisfying
E0/2N ≤ Ej/N ≤ uGibbs(β = 0).
Figure 3 shows the system-size dependence of the av-
erage, the largest, the fifth largest, and the tenth largest
values of rj . The average of rj decays exponentially in
all the cases, which implies the weak ETH. On the other
hand, other values of rj decay only in the case of (a), (b),
and (c), where one or both of Hamiltonians HI and HQ
are non-integrable. These values do not decay in the case
of (d) where both HI and HQ are integrable. Therefore,
the strong ETH is valid for the case of (a), (b), and (c),
which is consistent with Table I.
5IV. GENERAL BOUND ON DUout/Dβs
We make an analytical argument about a general
bound on DUout/Dβs .
A. Assumptions and the statement
We consider a quantum many-body system of N spins,
and denote the number of energy eigenstates of HI satis-
fying Ej ≤ E by D(E). We then assume that there exists
an N -independent positive function σ(u) such that
logD(uN) = Nσ(u) + o(N) (7)
for any u ∈ [us− δ, us], where us := uGibbs(βs), and o(N)
satisfies o(N)/N → 0 in N → ∞. From the Boltzmann
formula [46], σ(u) is nothing but the entropy density. We
also assume that σ′(us) = βs > 0 and σ′′(us) < 0. These
assumptions are indeed provable in rigorous statistical
mechanics if the system is translation invariant and the
interaction is local [46, 47].
In this setup, we can show that for an arbitrary fixed
unitary operator U and arbitrary δ > 0, the inequality
DUout
Dβs
. e−Nβsδ/2+o(N) (8)
holds. We show a derivation in the next subsection. In-
equality (8) implies that the ratio of energy eigenstates,
from which one can extract macroscopic work, decays
at least exponentially with the system size. This bound
holds for both integrable and non-integrable systems, as
long as the aforementioned assumptions are satisfied.
We also remark a similarity between the above argu-
ment and the weak ETH, which states that the ratio of
athermal eigenstates decays at least exponentially with
the system size [23, 29, 30]. Despite this similarity, the
logic behind inequality (8) is different from that behind
the weak ETH, as seen in the derivation of inequality (8).
B. Derivation of a general bound on DUout/Dβs
We now derive inequality (8). We first consider a
slightly different quantity from DUout, denoted by D˜
U
out,
and prove a rigorous bound on D˜Uout. Then, inequality (8)
is approximately derived as a corollary.
First of all, we define the stochastic work [48–50]. We
perform projective measurements of HI before and af-
ter the operation U , which give outcomes Ej and Ek,
respectively. The stochastic work is defined as the differ-
ence between the measured energies: wj,k := Ej −Ek. If
the initial density operator is ρ, the joint probability of
observing such outcomes is p(j, k) := | 〈k|U |j〉 |2 〈j|ρ|j〉.
For a given positive constant δ, the probability that we
extract work larger than Nδ is given by P (w ≥ Nδ) :=∑
j,k θ(wj,k −Nδ)p(j, k), where θ(·) is the step function,
i.e., θ(x) = 0 (x ≤ 0) and θ(x) = 1 (x > 0). Here,
P (w ≥ Nδ) is the probability of extracting macroscopic
work, as Nδ is proportional to the system size. For an en-
ergy eigenstate, the probability of extracting macroscopic
work is Pj(w ≥ Nδ) =
∑
k θ(Ej−Ek−Nδ)| 〈k|U |j〉 |
2. If
Pj(w ≥ Nδ) is sufficiently small for a small δ, we cannot
extract macroscopic work from the energy eigenstate |j〉.
We consider the number of energy eigenstates in Mβs ,
from which we can extract macroscopic work by a fixed
operation U . We focus on the energy eigenstate |j〉 with
which Pj(w ≥ Nδ) decays exponentially withN . In other
words, its energy distribution after the protocol shows
the large deviation behavior [51], and the probability of
observing lower energy than the initial state is negligibly
small on a macroscopic scale. Then, we denote by D˜Uout
the number of energy eigenstates whose Pj(w ≥ Nδ) is
greater than e−Nβsδ/2:
D˜Uout := #{j ∈Mβs : Pj(w ≥ Nδ) ≥ e
−Nβsδ/2}. (9)
We note that e−Nβsδ/2 is negligibly small for large N ,
which corresponds to the second law as work extraction.
In this setup, we can rigorously prove the following
inequality:
D˜Uout
Dβs
≤ e−Nβsδ/2+o(N). (10)
The proof of this inequality is as follows. From the
definition of D˜Uout, we have
D˜Uout ≤ e
Nβsδ/2
∑
j∈Mβs
Pj(w ≥ Nδ). (11)
We can evaluate the sum in the right-hand side by using
the definition of Pj(w ≥ Nδ) as∑
j∈Mβs
Pj(w ≥ Nδ)
=
∑
j∈Mβs
∑
k
θ[Ej − Ek −Nδ]| 〈Ek|U |Ej〉 |
2 (12)
≤
∑
j∈Mβs
∑
k
θ[(us − δ)N − Ek]| 〈Ek|U |Ej〉 |
2 (13)
≤
∑
k
θ[(us − δ)N − Ek] (14)
= D((us − δ)N), (15)
where we used
∑
j∈Mβs | 〈Ek|U |Ej〉 |
2 ≤ 1 to obtain the
fourth line. From the assumption (7), we obtain
D((us − δ)N)
D(usN)
≤ e−N [σ(us)−σ(us−δ)]+o(N). (16)
Meanwhile, σ′(us) = βs and σ′′(us) < 0 imply σ(us) >
σ(us − δ) + βδ. Therefore, we have
D((us − δ)N)
D(usN)
≤ e−Nβsδ+o(N). (17)
6By combining this inequality and inequality (15), we have
D˜Uout
Dβs
≤
eNβsδ/2D((us − δ)N)
D(usN)
≤ e−Nβsδ/2+o(N), (18)
which implies inequality (10).
The definition of D˜Uout is slightly different from D
U
out.
For the latter, we can only obtain an approximate in-
equality (8) as follows. If Pj(w ≥ Nδ) < e
−Nβsδ/2, the
average work extraction from |j〉 is bounded as
Wj =
∫
w<Nδ
wPj(w)dw +
∫
w≥Nδ
wPj(w)dw (19)
=
∫
w<Nδ
wPj(w)dw + e
−O(N) (20)
. Nδ. (21)
From this inequality, we have D˜Uout & D
U
out. Therefore,
we obtain
DUout
Dβs
.
D˜Uout
Dβs
≤ e−Nβsδ/2+o(N). (22)
C. Work extraction from a general pure state
From inequality (8), we can show that a positive
amount of work cannot be extracted from any pure state
if it has sufficiently large effective dimensions. We con-
sider a general pure state in the Hilbert space of posi-
tive temperature region, i.e., |ψ〉 =
∑
j∈Mβs cj |j〉 with∑
j∈Mβs |cj |
2 = 1. We apply the general work extraction
protocol in Sec. IVB to |ψ〉.
The probability of extracting macroscopic work from
|ψ〉 is P (w ≥ Nδ) =
∑
j∈Mβs |cj |
2Pj(w ≥ Nδ). The
Cauchy-Schwartz inequality gives
P (w ≥ Nδ)
≤
√√√√√

 ∑
j∈Mβs
Pj(w ≥ Nδ)
2



 ∑
j∈Mβs
|cj |4

 (23)
≤
√
Dβse
−Nβsδ/2+o(N) +Dβs(1− e−Nβsδ/2+o(N))e−Nβsδ
Deff
(24)
≤
√
Dβse
−Nβsδ/2+o(N)
Deff
, (25)
where we used inequality (10) to obtain the third
line and defined the effective dimension Deff :=
1/
∑
j∈Mβs |cj |
4 [52]. From this inequality, the average
work extraction from |ψ〉 is bounded as
W =
∫
w<Nδ
wP (w)dw +
∫
w≥Nδ
wP (w)dw (26)
. Nδ + wmax
√
Dβse
−Nβsδ/2+o(N)
Deff
, (27)
where wmax is the maximum value of the stochastic work.
wmax scales at most linearly with N .
Therefore, W . Nδ holds for any unitary operation, if
the initial state has sufficiently large effective dimensions:
Deff ≫ Dβse
−Nβsδ/2. Because the effective dimension of
a typical pure state with respect to the Haar measure is
estimated as Deff ≃ Dβs ≫ Dβse
−Nβsδ/2 [53], we cannot
extract macroscopic work from a typical pure state.
V. CONCLUSION
In this paper, we have investigated work extraction
from a single energy eigenstate by a specific cyclic oper-
ation and clarified the effect of the integrability on work
extraction. Our main numerical results are presented in
Fig. 2 and Table I.
Roughly speaking, work extraction by our quench pro-
tocol is impossible from any energy eigenstate if the sys-
tem is non-integrable, while it is impossible from most
energy eigenstates if the system is integrable. We thus
conjecture that the same result would hold for a much
broader class of physical work extraction protocols with
local and translation invariant Hamiltonians. This is in
fact feasible in light of the fact that the strong ETH has
been confirmed to be true for a broad class of Hamil-
tonians [13–23]. If the above conjecture is true, we can
conclude that the second law is so universal that it ap-
plies at the level of individual energy eigenstates. Further
investigation of this conjecture is a future issue.
On the other hand, in many-body localization systems
(MBL) without translation invariance [54–56], not only
the strong ETH but also the weak ETH fails [57, 58]. The
possibility of work extraction from such an exotic system
is an interesting direction for future investigation.
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Appendix A: Level statistics
In order to confirm that the parameters chosen in the
numerical calculation have sufficient non-integrability, we
investigate the level spacing statistics. In particular, we
calculated the ratio of adjacent energy gap [59] which is
defined as rj := min(∆j+1,∆j)/max(∆j+1,∆j) . Here,
∆j := Ej+1 − Ej is the gap between the eigenenergies,
and the eigenenergies are listed in increasing order in each
momenta sector. If the system is nonintegrable, rj follows
the Wigner-Dyson distribution given by random matrix
theory. For the system with time-reversal symmetry, the
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FIG. 4. The h-dependence of the distance α between the
distribution of the ratio of consecutive energy gaps and that
of the GOE prediction [Eq. (A2)]. The other parameters are
fixed to J = 1, J ′ = 0, g = (
√
5 + 5)/8, N = 18. Our calcu-
lation was performed using the central half of the spectrum,
where the width of the bin is ∆r = 10−2.
distribution is well fitted by the Gaussian orthogonal en-
semble (GOE), whose explicit form in our formulation is
given by [60]:
PGOE(r) =
27
4
r + r2
(1 + r + r2)
5
2
Θ(1− r). (A1)
By numerical exact diagonalization, we obtained the dis-
tributions of rj for all the momentum sectors, except for
k = 0 and k = pi. We denote the average distribution of
rj over these momentum sectors by P (r). We consider an
indicator of the distance between P (r) and PGOE(r) [61]:
α :=
∑
n |P (n∆r)− PGOE(n∆r)|∑
n PGOE(n∆r)
, (A2)
where ∆r is the size of a bin used in our calculation of
P (r). This indicator is expected to be small if the system
is sufficiently non-integrable.
Figure 4 shows α for various h with fixing the other
parameters to J = 1, J ′ = 0, g =
√
5+5
8 , N = 18. From
Fig. 4, we find that the difference between P (r) and PGOE
is small enough for 2.5× 10−2 . h . 1.5. Therefore, we
conclude that our model is sufficiently non-integrable for
2.5× 10−2 . h . 1.5.
Appendix B: The time dependence of the average
work
We consider the dependence of the average workWj on
the waiting time τ in the protocol of Fig. 1. In the follow-
ing, (a), (b), (c), (d) indicate the four cases of the inte-
grability, as defined in Sec. II . Figure 5 shows the average
work per qubit for the full spectrum for various τ . For
τ = 10−1,Wj/N is almost zero for all the cases and takes
a non-zero value after τ = 10−1. Wj/N takes an almost
time
(a) (b) (c) (d)
FIG. 5. The τ -dependence of Wj/N with N = 18 and
τ = 10−1, 100, 101, 102, 103, 104, 105. Quench from (a) non-
integrable to non-integrable (J = J ′ = 1, gI = gQ = (
√
5 +
5)/8, hI = 0 → hQ = 1.0), (b) integrable to non-integrable
(J = 1, J ′ = 0, gI = gQ = (
√
5+5)/8, hI = 0 → hQ = 1.0), (c)
non-integrable to integrable (J = 1, J ′ = 0, gI = gQ = (
√
5 +
5)/8, hI = 1.0 → hQ = 0), and (d) integrable to integrable
(J = 1, J ′ = 0, h = 0, gI = 0.5 → gQ = 1.5).
constant value up to temporal fluctuations after τ = 102.
The temporal fluctuations are small for the three cases
(a), (b), and (c), and the appearances of the scatter plots
of W/N are almost the same for τ = 102, 103, 104, 105.
On the other hand, the temporal fluctuations are larger
in the case of (d), and the appearances of the scatter
plots are not the same for τ = 102, 103, 104, 105.
Appendix C: The parameter-dependence of DUout/Dβs
In this Appendix, we show the parameter-dependence
of DUout/Dβs . We change only one parameter at once
and fix the other parameters to the same value as in
Fig. 2. The parameters used in Fig. 2 are given by Jτ =
104, Jβs = 0.02, and δ/J = 0.001.
1. The βs-dependence
Figure 6 shows the βs-dependence of D
U
out/Dβs. For
the two cases (a) and (b), where HQ is non-integrable,
DUout/Dβs vanishes at finite N regardless of βs. In the
case of (c), DUout/Dβs with large βs decays faster, whereas
in the case of (d), we do not observe the decay of
DUout/Dβs .
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FIG. 6. The N-dependence of DUout/Dβs for various βs.
Quench from (a) non-integrable to non-integrable (J = J ′ =
1, gI = gQ = (
√
5 + 5)/8, hI = 0 → hQ = 1.0), (b) integrable
to non-integrable (J = 1, J ′ = 0, gI = gQ = (
√
5 + 5)/8, hI =
0 → hQ = 1.0), (c) non-integrable to integrable (J = 1, J ′ =
0, gI = gQ = (
√
5 + 5)/8, hI = 1.0 → hQ = 0), and (d)
integrable to integrable (J = 1, J ′ = 0, h = 0, gI = 0.5 →
gQ = 1.5).
2. The δ-dependence
Figure 7 shows the δ-dependence of DUout/Dβs . For
the two cases (a) and (b), DUout/Dβs vanishes at finite N
regardless of δ. In the case of (c), DUout/Dβs with large
δ decays faster, and DUout/Dβs also vanishes at finite N
when δ = 0.02. However, in the case of (d), DUout/Dβs
does not vanish with any δ.
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FIG. 7. The N-dependence of DUout/Dβs for various δ. The
parameters of the Hamiltonians are the same as those used in
Fig. 6.
3. Summary
From the above results, we conclude that our state-
ment in the main text is independent of the choice of
the parameters: DUout/Dβs vanishes at finite N for (a)
and (b) and does not vanishes for (d). The case of (c) is
marginal, which is again consistent with our argument in
the main text.
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